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1. Introduction
In differential geometry, the curvature of a Riemannian manifold plays a basic role and
the sectional curvatures of a manifold determines the curvature tensor R˜ completely. In
contact metric geometry, a Sasakian manifold (resp. Kenmotsu manifold) with constant
φ-sectional curvature is called Sasakian-space-form (resp. Kenmotsu-space-form) and it has
a specific form of its curvature tensor. In 2004, Alegre, Blair and Carriazo [1] introduced
the notion of generalized Sasakian-space-forms, which can be treated as a generalization
of Sasakian, Kenmotsu and Cosymplectic space-forms. An almost contact metric manifold
with a φ-sectional curvature is called a generalized Sasakian-space-form and it is denoted by
M˜(f1, f2, f3). The curvature tensor of M˜(f1, f2, f3) is given by [1]
R˜(X, Y )Z = f1{g(Y, Z)X − g(X,Z)Y }
+f2{g(X, φZ)φY − g(Y, φZ)φX + 2g(X, φY )φZ} (1.1)
+f3{η(X)η(Z)Y − η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ}
for all vector fields X, Y, Z on M˜ , where f1, f2, f3 are differentiable functions on M˜ . The
φ-sectional curvature of generalized Sasakian-space-forms M˜(f1, f2, f3) is f1 + 3f2. Also,
this notion contains a large class of almost contact manifolds. For example, any three-
dimensional (α, β)-trans-Sasakian manifold, where α and β depending on ξ is a generalized
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Sasakian-space-form. In particular, if f1 =
c+3
4
, f2 = f3 =
c−3
4
, then the generalized Sasakian-
space-form reduces to the notion of Sasakian-space-form. The generalized Sasakian-space-
forms have also been studied in [2, 3, 4, 12, 13, 14, 20, 21, 22, 23, 25] and many other
instances.
In modern analysis, the theory of invariant submanifolds have become today a specialized
area of research due to its significant applications in applied mathematics and theoretical
physics. The geometry of invariant submanifolds of almost contact manifolds was first ap-
peared in the works of Yano and Ishihara [27]. Later, sevaral studies (see, [8, 11, 15, 18, 24])
have been done on invariant submanifolds of various kinds of almost contact manifolds. For
example, in [17], Kon proved that invariant submanifolds of a Sasakian manifold are to-
tally geodesic if their second fundamental forms are covariantly constant. De and Majhi [9]
proved that an invariant submanifold M of a Kenmotsu manifold is totally geodesic if and
only if Q(σ,R) = 0 or Q(S, σ) = 0, where σ, R and S denote the second fundamental form,
curvature tensor and Ricci tensor of M , respectively. Invariant submanifolds of a trans-
Sasakian manifolds were studied in [23] and [25]. Further, Hu and Wang [12] investigated
that an invariant submanifold of a trans-Sasakian manifold is totally geodesic if and only
if Q(S, ∇˜σ) = 0, Q(S, R˜ · σ) = 0, Q(g, R˜ · h) = 0, Q(g, C · σ) = 0 or Q(S, C · σ) = 0,
respectively, where C and R˜ denote the concircular curvature tensor and curvature tensor
of M˜ , respectively.
Nowadays, several authors started to study the geometry of submanifolds in the space-
forms. Yildiz and Murathan [28] studied invariant submanifolds of Sasakian-space-forms.
In [3], Alegre and Carriazo studied some submanifolds of generalized Sasakian-space-forms.
Recently, Hui et. al. [16] studied parallel, semiparallel and 2-semiparallel invariant submani-
folds of generalized Sasakian-space-forms. They also obtained the sufficient conditions of any
submanifold of a generalized Sasakian-space-forms to be invariant. Motivated by the above
circumstances, in this paper, we continue the study of invariant submanifolds of generalized
Sasakian-space-forms satisfying certain conditions.
The paper is organized as follows: Section 2 is concerned with some preliminaries. In
section 3, we study invariant submanifold of generalized Sasakian-space-forms and prove
that it is totally geodesic if and only if the second fundamental form σ of M satisfies the
conditions Q(σ,R) = 0, Q(S, σ) = 0, Q(S, ∇˜σ) = 0, Q(g, R˜ · σ) = 0, Q(g, C · σ) = 0 or
R˜ · σ = L1Q(g, σ). As a consequence of main results we obtain several corollaries.
2. Preliminaries
An odd-dimensional Riemannian manifold (M˜, g) is said to be an almost contact metric
manifold [7] if there exist on M˜ a (1, 1) tensor field φ, a vector field ξ (called the structure
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vector field), and a 1-form η such that
η(ξ) = 1, φ2(X) = −X + η(X)ξ, φξ = 0, η ◦ φ = 0, (2.1)
and
g(φX, φY ) = g(X, Y )− η(X)η(Y ), η(X) = g(X, ξ) (2.2)
for any vector fieldX, Y on M˜ . From (1.1), in a generalized Sasakian-space-form M˜(f1, f2, f3)
we have
(∇˜Xφ)Y = (f1 − f3)[g(X, Y )ξ − η(Y )X ], (2.3)
∇˜Xξ = −(f1 − f3)φX, (2.4)
S˜(X, Y ) = (2nf1 + 3f2 − f3)g(X, Y )− {3f2 + (2n− 1)f3}η(X)η(Y ), (2.5)
R˜(X, Y )ξ = (f1 − f3){η(Y )X − η(X)Y }, (2.6)
R˜(ξ,X)ξ = (f1 − f3){η(Y )ξ −X}, (2.7)
S˜(ξ, ξ) = 2n(f1 − f3) (2.8)
for all tangent vectors X, Y ∈ Γ(TM), where ∇˜ denotes the covariant differentiation with
respect to g and S˜ is the Ricci tensor of M˜(f1, f2, f3). Let M be a submanifold of a (2n+1)-
dimensional generalized Sasakian-space-form M˜(f1, f2, f3). We denote by ∇ and ∇˜ the
Levi-Civita connection of M and M˜ , respectively. Then, the second fundamental form σ is
given by
∇˜XY = ∇XY + σ(X, Y ) (2.9)
for any vector fields X, Y ∈ Γ(TM). Furthermore, for any section N of normal bundle T⊥M
we have
∇˜XN = −ANX +∇
⊥
XN (2.10)
where ∇⊥ denote the normal bundle connection of M . If the second fundamental form σ is
identically zero then the submanifold is said to be totally geodesic. The second fundamental
form σ and AN are related by
g(σ(X, Y ), N) = g(ANX, Y )
for any vector fields X, Y ∈ Γ(TM). For the second fundamental form σ, the first covariant
derivative is given by
(∇˜Xσ)(Y, Z) = ∇
⊥
X(σ(Y, Z))− σ(∇XY, Z)− σ(Y,∇XZ) (2.11)
for any vector fields X, Y, Z ∈ Γ(TM). If ∇˜σ = 0, then M is said to have parallel second
fundamental form.
A submanifold M is said to be semi-parallel (see [10]) (resp. 2-semi-parallel, see [5]) if
R˜(X, Y ) · σ = 0 (resp. R˜(X, Y ) · ∇˜σ = 0), (2.12)
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holds for any vector fields X, Y ∈ Γ(TM), where R˜(X, Y ) = ∇˜X∇˜Y − ∇˜Y ∇˜X − ∇˜[X,Y ]
denotes the curvature tensor of the connection ∇˜. By (2.12), we have
(R˜(X, Y ) · σ)(U, V )
= R⊥(X, Y )σ(U, V )− σ(R(X, Y )U, V )− σ(U,R(X, Y )V ) (2.13)
for any vector fields X, Y, U, V ∈ Γ(TM), where R⊥(X, Y ) = [∇⊥X ,∇
⊥
Y ] −∇
⊥
[X,Y ]. Similarly,
we have
(R˜(X, Y ) · ∇˜σ)(U, V,W )
= R⊥(X, Y )(∇˜σ)(U, V,W )− (∇˜σ)(R(X, Y )U, V,W )
− (∇˜σ)(U,R(X, Y )V,W )− (∇˜σ)(U, V,R(X, Y )W ) (2.14)
for any vector fields X, Y, U, V,W ∈ Γ(TM), where (∇˜σ)(U, V,W ) = (∇˜Uσ)(V,W ).
A submanifold M is said to be pseudo-parallel (see [6]) (resp. 2-pseudo-parallel) if
R˜(X, Y ) · σ = L1Q(g, σ) (resp. R˜(X, Y ) · ∇˜σ = L1Q(S, ∇˜σ)),
holds for any vector fields X, Y ∈ Γ(TM) and a smooth function L1. Further, a submanbifold
M is said to be Ricci generalized pseudo-parallel (see [19]) if R˜(X, Y ) · σ = L1Q(S, σ) for
any vector fields X, Y ∈ Γ(TM).
On a Riemannian manifold M , for a (0, k)-type tensor field T (k ≥ 1) and a (0, 2)-type
tensor field E, we denote by Q(E, T ) a (0, k+2)-type tensor field (see [26]), defined as follows
Q(E, T )(X1, X2, ..., Xk;X, Y ) = −T ((X ∧E Y )X1, X2, ..., Xk) (2.15)
− T (X1, (X ∧E Y )X2, ..., Xk)
− ...− T (X1, X2, ..., Xk−1, (X ∧E Y )Xk),
where (X ∧E Y )Z = E(Y, Z)X −E(X,Z)Y .
For a (2n+1)-dimensional Riemannian manifold M˜ , the concircular curvature tensor C is
given by
C(X, Y )Z = R˜(X, Y )Z −
r
2n(2n+ 1)
[g(Y, Z)X − g(X,Z)Y ] (2.16)
for any vector fields X, Y, Z ∈ Γ(TM), where r is the scalar curvature of M . We also have
(C(X, Y ) · σ)(U, V ) = R⊥(X, Y )σ(U, V )− σ(C(X, Y )U, V )− σ(σ, C(X, Y )V ). (2.17)
3. Invariant Submanifolds of Generalized Sasakian-space-forms
A submanifoldM of a generalized Sasakian-space-forms M˜(f1, f2, f3) is called an invari-
ant submanifold of M˜(f1, f2, f3) if the characteristic vector field ξ is tangent to M at every
point of M and φX is tangent to M for any vector field X tangent to M at every point of
M , that is φ(TM) ⊂ TM at every point of M .
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Lemma 3.1. [16] Let M be an invariant submanifold of a generalized Sasakian-space-forms
M˜(f1, f2, f3) . Then the following relations hold:
(∇Xφ)Y = (f1 − f3)[g(X, Y )ξ − η(Y )X ], (3.1)
∇Xξ = −(f1 − f3)φX, (3.2)
R(ξ,X)ξ = (f1 − f3)[η(X)ξ −X ], (3.3)
S(X, ξ) = 2n(f1 − f3)η(X), (3.4)
σ(X, φY ) = φσ(X, Y ), (3.5)
σ(X, ξ) = 0 (3.6)
for all vector fields X, Y ∈ Γ(TM).
So we can state the following:
Theorem 3.1. [16] An invariant submanifold M of a generalized Sasakian-space-forms M¯
is a generalized Sasakian-space-forms
Now, we begin with the following:
Theorem 3.2. Let M be an invariant submanifold of a generalized Sasakian-space-form
M˜(f1, f2, f3) such that f1 6= f3. Then M is totally geodesic if and only if Q(σ,R) = 0.
Proof. LetM be an invariant submanifold of a generalized Sasakian-space-form M˜(f1, f2, f3)
such that f1 6= f3. Suppose that Q(σ,R) = 0. This implies
Q(σ,R)(X, Y, Z;U, V ) = 0 (3.7)
for any vector fields X, Y, Z, U, V ∈ Γ(TM). By the above equation and (2.15), we have
−R((U ∧σ V )X, Y )Z − R(X, (U ∧σ V )Y )Z −R(X, Y )(U ∧σ V ) = 0, (3.8)
where
(U ∧σ V )W = σ(V,W )U − σ(U,W )V. (3.9)
In view of (3.9), the equation (3.8) can be written as
σ(U,X)R(V, Y )Z − σ(V,X)R(U, Y )Z + σ(U, Y )R(X, V )Z
−σ(V, Y )R(X,U)Z + σ(U,Z)R(X, Y )V − σ(V, Z)R(X, V )U = 0. (3.10)
Setting Z = V = ξ in (3.10) and using (3.6), we obtain
σ(U,X)R(ξ, Y )ξ + σ(U, Y )R(X, ξ)ξ = 0. (3.11)
Making use of (3.3) in the above equation, we get
(f1 − f3)[σ(U, Y )X − σ(U,X)Y − σ(U, Y )η(X)ξ + σ(U,X)η(Y )ξ] = 0. (3.12)
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Taking inner product on (3.12) with W and then contracting over Y and W , we get
(2n− 1)(f1 − f3)σ(U,X) = 0. (3.13)
It follows that σ(U,X) = 0 for any vector fields U,X ∈ Γ(TM). Hence, M is totally geodesic
submanifold. conversely, if σ(X, Y ) = 0, then from (3.10), it follows that Q(σ,R) = 0. This
proves the theorem.
Corollary 3.1. An invariant submanifold of a Sasakian-space-form is totally geodesic if and
only if Q(σ,R) = 0.
Theorem 3.3. Let M be an invariant submanifold of a generalized Sasakian-space-form
M˜(f1, f2, f3) such that f1 6= f3. Then M is totally geodesic if and only if Q(S, σ) = 0.
Proof. Let us consider Q(S, σ) = 0, then it follows that
Q(S, σ)(X, Y ;U, V ) = 0
for any vector fields X, Y, U, V ∈ Γ(TM). By the above equation and (2.15), we obtain
−σ(U ∧S V )X, Y )− σ(X, (U ∧S V )Y ) = 0, (3.14)
where
(U ∧S V )W = S(V,W )U − S(U,W )V. (3.15)
Using (3.15) in (3.14) we have
S(U,X)σ(V, Y )− S(V,X)σ(U, Y ) + S(U, Y )σ(X, V )− S(V, Y )σ(X,U) = 0.
Putting V = Y = ξ in the above equation and then using (3.6), we get
S(ξ, ξ)σ(U,X) = 0. (3.16)
This implies
2n(f1 − f3)σ(U,X) = 0
for any vector fields U,X ∈ Γ(TM). This completes the proof.
Corollary 3.2. An invariant submanifold of a Sasakian-space-forms is totally geodesic if
and only if Q(S, σ) = 0.
Theorem 3.4. Let M be an invariant submanifold of a generalized Sasakian-space-form
M˜(f1, f2, f3) such that f1 6= f3. Then M is totally geodesic if and only if Q(S, ∇˜σ) = 0.
Proof. Considering Q(S, ∇˜σ) = 0, this is equivalent to
0 = Q(S, ∇˜Xσ)(W,K;U, V )
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for any vector fields X,W,K, U, V ∈ Γ(TM). We obtain directly from the above equation
and (2.15) that
− (∇˜Xσ)(S(V,W )U,K) + (∇˜Xσ)(S(U,W )V,K)
− (∇˜Xσ)(W,S(V,K)U) + (∇˜Xσ)(W,S(U,K)V )
= 0. (3.17)
By the definition of ∇˜σ, we obtain
−∇⊥Xσ(S(V,W )U,K) + σ(∇XS(V,W )U,K) + σ(S(V,W )U,∇XK)
+∇⊥Xσ(S(U,W )V,K)− σ(∇XS(U,W )V,K)− σ(S(U,W )V,∇XK) (3.18)
−∇⊥Xσ(W,S(V,K)U) + σ(∇XW,S(V,K)U) + σ(W,∇XS(V,K)U)
+∇⊥Xσ(W,S(U,K)V )− σ(∇XW,S(U,K)V )− σ(W,∇XS(U,K)V )
= 0. (3.19)
Putting K =W = V = ξ in (3.18) and using (3.6), we obtain
S(ξ, ξ)σ(U,∇Xξ) = 0. (3.20)
From (3.2) and (3.4) in (3.20), we have
2n(f1 − f3)σ(U,−(f1 − f3)φX) = −2n(f1 − f3)
2σ(U, φX) = 0. (3.21)
Then by virtue of (3.5), we have from (3.21) that
2n(f1 − f3)
2σ(U,X) = 0,
for any vector fields U,X ∈ Γ(TM). Therefore, it shows that M is totally geodesic. The
converse statement is trivial.
Corollary 3.3. An invariant submanifold of a Sasakian-space-form is totally geodesic if and
only if Q(S, ∇˜σ) = 0.
Theorem 3.5. Let M be an invariant submanifold of a generalized Sasakian-space-form
M˜(f1, f2, f3) such that f1 6= f3. Then M is totally geodesic if and only if Q(g, R˜ · σ) = 0.
Proof. We assume that Q(g, R˜ · σ) = 0, this is equivalent to
Q(g, R˜(X, Y ) · σ)(W,K;U, V ) = 0
for any vector fields X, Y,W,K, U, V ∈ Γ(TM). With the help of (2.15), the above equation
can be written as
−(R˜(X, Y ) · σ)(g(V,W )U,K) + (R˜(X, Y ) · σ)(g(U,W )V,K)
−(R˜(X, Y ) · σ)(W, g(V,K)U) + (R˜(X, Y ) · σ)(W, g(U,K)V )
= 0. (3.22)
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By using (2.14), we obtain
−g(V,W )[R⊥(X, Y )σ(U,K)− σ(R(X, Y )U,K)− σ(U,R(X, Y )K)]
+g(U,W )[R⊥(X, Y )σ(V,K)− σ(R(X, Y )V,K)− σ(V,R(X, Y )K)]
−g(V,K)[R⊥(X, Y )σ(W,U)− σ(R(X, Y )W,U)− σ(W,R(X, Y )U)]
+g(U,K)[R⊥(X, Y )σ(W,V )− σ(R(X, Y )W,V )− σ(W,R(X, Y )V )]
= 0. (3.23)
Putting Y = W = K = V = ξ in (3.23) and using (3.6), we obtain
σ(U,R(X, ξ)ξ) = 0. (3.24)
Using (3.3) in (3.24), we have (f1−f3)σ(U,X) = 0 for any vector fields X,U ∈ Γ(TM). The
converse is trivial.
Corollary 3.4. An invariant submanifold of a Sasakian-space-forms is totally geodesic if
and only if Q(g, R˜ · σ) = 0.
Theorem 3.6. Let M be an invariant submanifold of a generalized Sasakian-space-form
M˜(f1, f2, f3) such that r 6= 2n(2n + 1)(f1 − f3). Then M is totally geodesic if and only if
Q(g, C · σ) = 0.
Proof. Considering Q(g, C · σ) = 0, this is equivalent to
Q(g, C(X, Y ) · σ)(W,K;U, V ) = 0
for any vector fields X, Y,W,K, U, V ∈ Γ(TM). Form (2.15) and the above equation, we get
−g(V,W )(C(X, Y ) · σ)(U,K) + g(U,W )(C(X, Y ) · σ)(V,K)
−g(V,K)(C(X, Y ) · σ)(W,U) + g(U,K)(C(X, Y ) · σ)(W,V )
= 0. (3.25)
By the definition of C · σ, we obtain
−g(V,W )[R⊥(X, Y )σ(U,K)− σ(C(X, Y )U,K)− σ(C(X, Y )K,U)]
+g(U,W )[R⊥(X, Y )σ(V,K)− σ(C(X, Y )V,K)− σ(C(X, Y )K, V )]
−g(V,K)[R⊥(X, Y )σ(W,U)− σ(C(X, Y )W,U)− σ(C(X, Y )U,W )]
+g(U,K)[R⊥(X, Y )σ(W,V )− σ(C(X, Y )W,V )− σ(C(X, Y )V,W )]
= 0.
Setting Y = K = W = U = ξ in the above equation and then using (3.6), we have
σ(C(X, ξ)ξ, V ) = 0. (3.26)
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By using (2.16), (3.3) and (3.6) in (3.26), we immediately obtain(
(f1 − f3)−
r
2n(2n+ 1)
)
σ(X, V ) = 0
for any vector fields X, V ∈ Γ(TM). This completes the proof.
Corollary 3.5. An invariant submanifold of a Sasakian-space-form is totally geodesic if and
only if Q(g, C · σ) = 0, provided r 6= 2n(2n+ 1).
Theorem 3.7. Let M be an invariant submanifold of a generalized Sasakian-space-form
M˜(f1, f2, f3). Then M is totally geodesic if and only if the second fundamental form is
pseudo-parallel, provided L1 6= (f1 − f3).
Proof. Let us consider a pseudo-parallel invariant submanifold of a generalized Sasakian-
space-forms. Therefore, we have
R˜ · σ = L1Q(g, σ),
where L1 denotes the real valued function on M . The above equation can be written as
(R˜(X, Y ) · σ)(U, V ) = L1[Q(g, σ)(X, Y ;U, V )] (3.27)
for any vector fields X, Y, U, V ∈ Γ(TM). By using (2.15), we obtain from (3.27) that
R⊥(X, Y )σ(U, V )− σ(R(X, Y )U, V )− σ(U,R(X, Y )V ) (3.28)
= −L1[σ(X, V )g(Y, U)− σ(Y, V )g(X,U) + σ(U,X)g(Y, V )− σ(U, Y )g(X, V )].
Putting X = V = ξ in (3.28), we obtain
σ(U,R(ξ, Y )ξ) = L1σ(U, Y ). (3.29)
Using (3.3) in (3.29), we get
[L1 − (f1 − f3)]σ(U, Y ) = 0
for any vector fields U, Y ∈ Γ(TM). This proves our theorem.
Corollary 3.6. An invariant submanifold of a Sasakian-space-forms is totally geodesic if
and only if the second fundamental form is pseudo-parallel, provided L1 6= 1.
For an invariant submanifolds M of a generalized Sasakia-space-form M˜(f1, f2, f3), from
our main results and [16] we see that the following conditions are equivalent:
• M is totally geodesic,
• the second fundamental form of M is parallel with f1 6= f3,
• the second fundamental form of M is semi-parallel with f1 6= f3,
• the second fundamental form of M is 2-semi-parallel with f1 6= f3,
• the second fundamental form of M is pseudo-parallel with f1 − f3 6= L1,
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• the second fundamental form of M is concircularly semiparallel with f1 6= f3 and
r 6= 2n(2n + 1)(f1 − f3),
• the second fundamental form of M is concircularly 2-semiparallel with f1 6= f3 and
r 6= 2n(2n + 1)(f1 − f3),
• the second fundamental form of M satisfies Q(σ,R) = 0 with f1 6= f3,
• the second fundamental form of M satisfies Q(S, σ) = 0 with f1 6= f3,
• the second fundamental form of M satisfies Q(S, ∇˜σ) = 0 with f1 6= f3,
• the second fundamental form of M satisfies Q(g, R˜ · σ) = 0 with f1 6= f3,
• the second fundamental form ofM satisfies Q(g, C·σ) = 0 with r 6= 2n(2n+1)(f1−f3).
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